We first use the coherent state formalism of fuzzy space to show that the fuzziness will eliminate point-like structure of a particle in favor of smeared object, which is an exponential decay function in contrast to the Gaussian type in the Moyal noncommutative space. The exponential decay function implies that, in the UV region, the fuzziness provides an extra power-decay factor in the Feynman propagator, contrasts to the exponential-decay factor in the Moyal space. We also calculate the particle heat capacity and see that it approaches to zero at high temperature. Next, we use the found smeared source to study the Schwarzschildlike geometry and see that the black hole can reach a finite maximum temperature before cooling down to absolute zero and leave a stable remnant, as that in the noncommutative case. The properties of fuzzy 3D BTZ and the fuzzy Kaluza-Klein black holes are also discussed. Finally, we present a criterion for existence a regular black hole with a general smeared source function.
Introduction
Physics on the noncommutative spacetime had been received a great deal of attention [1] [2] [3] . Historically, it is a hope that the deformed geometry in the small spacetime would be possible to cure the quantum-field divergences, especially in the gravity theory. The renovation of the interesting in noncommutative field theories is that it has proved to arise naturally in the string/M theories [4, 5] . The noncommutative geometry is encoded in the commutator
The value of θ µν is an anti-symmetric matrix which measures the space noncommutativity. Relation (1.1) implies the ⋆ operator which is the Moyal product generally defined by Φ(x) ⋆ Φ(x) = e Using the Moyal product the quantum field on the noncommutative geometry had been studied extensively [1] [2] [3] [4] [5] , including the thermal property [6] . There is another interesting approach to the noncommutative quantum theory : the coordinate coherent state approach [7, 8] . Let us first briefly review the approach.
Consider coherent state on the 2D noncommutative space in which the noncommutative coordinatesq 1 andq 2 have the property [q 1 ,q 2 ] = iθ.
(1.3)
We first perform the canonical transformation by defining the operatorŝ
The coherent state |α is defined bŷ A|α = α|α , α|Â † = α|α * ⇒ |α = e The coordinates x 1 , x 2 which represent the mean position of the particle over the noncommutative plane are defined by
(1.6)
The noncommutative version of the plane wave operator is defined by exp i p · q . Using the Baker-Campbell-Hausdorff formula the mean value becomes α|e ip 1q1 +ip 2q2 |α = α|e i(p + c + +p − c − )Â † +i(p + c − +p − c + )Â |α = e (ip1x1+ip2x2−
(p 2 1 +p 2
In the above calculation we have defined p ± ≡ (p 1 ± i p 2 )/2. According to the [7, 8] we can interpret (1.8) as the wave function of a "free point particle" on the non-commutative plane:
(1.9)
After the Fourier transformation of above result the mass density of the point particle become a smeared one described by 10) which tells us that the effect of non-commutativity in the scalar product between two mean positions is to substitute a Dirac delta function by a Gaussian distribution with half-width θ and we have a smeared source now. Many authors had used the above smeared source to study the effects of noncommutativity on the quantum field [7, 8] and terminal phase of black hole evaporation [9] [10] [11] [12] [13] . Some interesting results have found are : there exists a finite maximum temperature that the black hole can reach before cooling down to absolute zero; there is no curvature singularity at the origin while existence a regular De-Sitter core at short distance.
There is another noncommutative geometry, called as fuzzy space, which appear naturally in the string/M theory [14, 15] too. It is known to correspond to the sphere D2-branes in string theory with background linear B-field. Also, in the presence of constant RR field potential, the D0-branes can expand into a noncommutative fuzzy sphere configuration. The quantum field on the fuzzy space had been studied by many authors [16] [17] [18] . Therefore, it is interesting to see how the fuzzy space will modify the black hole property and in this paper we will use the coherent state approach to study the problem.
Note that in Moyal noncommutative geometry in which the commutation of coordinates x i is a constant value, as shown in (1.1) . Therefore, using the Baker-Campbell-Hausdorff formula we can find a simple relation (1.8) . However, on the fuzzy sphere with coordinates X i , which is now described by [X i , X j ] = ihX k . Thus the commutation of coordinates X i is not a constant value and the Baker-Campbell-Hausdorff formula could not lead to a simple result. In section II we will use an approximation to study the associated smeared source. After a lengthy calculation we in section III find that the smeared object is an exponential decay function in contrast to the Gaussian type in the Moyal noncommutative space.
In section IV we see that the exponential decay function could, in the UV region, provides Feynman propagator with an extra power-decay factor (hk) −4 , contrasts to the exponentialdecay factor e −θk 2 in the Moyal space. We also calculate the particle heat capacity and see that it approaches to zero at high temperature. Using the found smeared source we then in section V study the associated black hole property and compare it with that on the Moyal noncommutative geometry. Especially, in section VI we present a criterion for existence a regular black hole with a general smeared source. Last section is devoted to a short discussion. It is known that a collection of N D0-branes in a constant background RR field could expand as fuzzy sphere described by the coordinates 1) in which h is proportional to the strength of RR field. A non-trivial solution is X i = h 2 J i in which J i is the J × J matrix representation of the SU(2) algebra. It describe a fuzzy sphere, S 2 h . In other words the fuzzy sphere S 2 h,J is determined by the algebra (2.1) subjected to 2) and the radius of the fuzzy sphere is given by r = h J(J + 1). Therefore the full noncommutative 3D space R 3 h can be obtained when we consider the set of fuzzy spheres with all possible radii, i.e.
Notice that R 3 h does not reduce to commutative R 3 merely letting h → 0 [17] . Only in the limit J → ∞ while at fixed R can we get the ordinary sphere with radius R. The coherence state on fuzzy space is given by [19] 
The uncertainty relation for the J i operators defined in the algebra (2.1) is given by
This equality holds for the state |w , in which X 2 i ≡ w|X 2 i |w ; hence the coherent states are the minimum-uncertainty states [19] .
OperatorsÂ andB
We now begin our calculations. First, it is easy to check that the coherent state satisfies the following relations X − |w = w(hJ − X z )|w . (2.6)
Therefore we have the following two important operatorsÂ andB which have coherent state as their eigenstate, i.e.
Above definition implies following relations
(2.10)
The operatorsÂ andB defined in (2.8) and (2.9) satisfy the following commutation relations.
[hÂ
Using (2.8) and (2.9) above relations (2.13)- (2.17) imply that 22) to the leading order of h 2 . The property will be used in next subsection.
Plane Wave on Fuzzy Space
To proceed, we first express the mean value of plane wave as the following form :
Here we have used the definitions (2.10)-(2.12). Next, from (2.13)-(2.17) we see that the commutations between operators hÂ † , hÂ, hB † and hB are proportional to h 2 . Therefore we can use the formula
(2.24) in which M i are matrix operators, to evaluate (2.23) to the leading order of h, with the help of commutative relations (2.18)- (2.22) . Now, identify
as those in (2.24), using (2.18)- (2.22) and after a lengthy calculation we find that the plane wave on fuzzy space could be expressed as an elegant result
This relation corresponds to the smeared source on Moyal space described in (1.9). The classical value x in (2.29) is the mean value of (2.10)-(2.12) in the coherent state |w , i.e.
(2.30)
after using the properties of (2.8) and (2.9).
Smeared Source on Fuzzy Space
As that in Moyal space, after taking the Fourier transformation of plane wave (2.29) the mass density of the point particle will become a smeared one. However, the mathematic difficulty in there forbid us to find a rotational invariant form. To see the property let us consider a simple example. In Fourier transformation of standard plane wave we find that
Thus, if we first shift the variable k x and take an integration over the shifted variable k x we find that δ(x) · δ(y) = δ(x) · δ(0). In a same way, if we first shift the variable k y and take an integration over the shifted variable k y we find that δ(x) · δ(y) = δ(0) · δ(y). Now, to perform the Fourier transformation of plane wave (2.29) we can first shift the variable p x then take an integration over the shifted variable p x . Next, we shift the variable p y and take an integration over the shifted variable p y . Finally, we shift the variable p z then take an integration over the shifted variable p z . After the lengthy calculation the result is ρ R h (r) ≡ dp x 2π dp y 2π dp z 2π
= dp x 2π dp y 2π dp z 2π
As that discussed in the Fourier transformation of standard plane wave, when we interchange the order of integrating variables p x , p y and p z we can find that
From above result we will in following discuss how to find the smeared source form on fuzzy space. First, the fuzzy space we have investigated is the one with constant radius
Therefore, in our case the space is a fuzzy sphere with constant radius. The fuzziness shall be shown on the fuzzy 2-sphere and not on the radius direction. Next, on the fuzzy sphere we know that Thus, in the case of r ≪ R, the position which we consider is very near the source the "point source" on the fuzzy 2-sphere will show a smeared distribution function described by (3.5) in which the C 2 is determined by the condition of dxdy ρ h (r) = 1. It is natural to assume that the exponential form exp − r h is universal and thus on the fuzzy 3-sphere and fuzzy 4-sphere the point source will become a smeared one with distribution function described by
and general form (3.8) These are the main results calculated in this paper and it corresponds to the smeared source on Moyal space described in (1.10).
Let us make following comments to conclude this section. does not appear in the smeared source on fuzzy space. This is our main finding in this paper that the fuzziness provides an exponential decay smeared source rather then the Gaussian decay smeared source.
2. It shall be noticed that the space on which the smeared described by (3.5) is the 2D fuzzy sphere described by X 1 ,X 2 ,X 3 in (2.1) and not the 3D space. In the same way, it is natural to belive that the smeared function described by (3.7) , for example, is the 4D sphere described by the condition 10) where R is the radius of the sphere [20] . It is a challenged problem to prove this conjecture.
3. As we are considering the case of a large radius R and interesting the property at short distance (or near the source point) the geometry considered in following section could be regarded as a flat space with fuzziness.
4. Note also that the plane wave in (2.29) is that on the 3D space while the Fourier transformation of (3.5) shall give the plane wave on 2D fuzzy sphere. Therefore we can use the smeared source functions (3.6)- (3.8) to perform the Fourier transformation and find the plane wave on the fuzzy space. The results are p| x = Ψ p ( x) with (3.12) For the general smeared function (3.8) we find that (3.13) which will be used in next section to study the thermodynamics of gas on fuzzy space. In next section we will see how the exponential decay function of smeared source will modify the UV behavior of quantum field and the thermodynamics of ideal gas. We also compare it with that in the Gaussian decay function in Moyal space.
Quantum Field and Thermodynamics on Fuzzy Space

Feynman Propagator on Fuzzy Space
Using the smeared form we can now calculate the field propagator on fuzzy space in coherent state approach. In D dimension the Feynman propagator G(k) is defined by 1) in which G(x) satisfies the relation
Thus dk
and
Substituting the smeared function (3.6) and (3.7) into (4.4) we find that
3D f uzzy space. (4.5)
Thus, in the UV region (k ≫ 1) the fuzzy space could provide an extra power decay factor (hk) −4 in the propagator, contrast to the exponential decay factor e −θk 2 in the Moyal space.
For the general smeared function (3.8) we find that
in which Im[g] means the image part of g. In the limit of large k we find that 8) which shows that, in the UV region (k ≫ 1) the D-dimensional fuzzy space could provide an extra power decay factor in the propagator. Note that the extra decay factor could render the quantum field to be a finite theory without any renormalization as a simple power counting shows that the internal line gives d D k G(k) which does not have a UV divergent contribution.
Thermodynamics on Fuzzy Space
We now investigate the thermodynamics of non-relativistic ideal gases on the noncommutative fuzzy geometry. To begin with let us recall the thermodynamics of ideal gases on the Moyal geometry in coherent state approach [21] . First, the key principle of statistical mechanics is that the probability of a point gas having energy E is proportional to e −βE [22] . Therefore we shall consider the value 9) as the plane wave in Moyal space is exp(ik · y − θ k 2 4 ). Thus the associated Boltzmann factor becomes 10) This means that use the following simple substitution 11) we could obtain the desired thermal property on the Moyal background form that in commutative case. For example, the energy U θ (T ) of gas on Moyal space at temperature T is equal to the energy U(T θ ) of gas on commutative space at temperature T θ , i.e. U θ (T ) = U(T θ ). Thus the heat capacity C θ (T ) of ideal gas at temperature T on Moyal space is
(4.12)
As the heat capacity, C(T θ ), of non-relativistic gas on commutative space is a constant value [23] above relation implies that heat capacity of the non-relativistic gas on Moyal space will approach to zero in high temperature limit. The property also shows in fuzzy space as will be analyzed in below. Let us now turn to the case of the non-relativistic gas on 3D fuzzy space. Then, using the plane wave (3.11) and the formula (4.9) we see that the Boltzmann factor becomes
Through standard calculations we find that the heat capacity of non-relativistic gas C(T ) is (4.14) In the low and high temperature we find that (4.15) and heat capacity approaches to zero in the low and high temperature limits, as shown in figure 2 after analytic evaluation. Let us make following comments to conclude this section. 1. The capacity C θ (T ) in (4.12) shows a non-perturbative property in high temperature while the capacity C h (T ) in (4.14) shows a non-perturbative property in both low and high temperatures.
T C Heat Capacity
2. In [24] we had studied the thermodynamics on fuzzy space in conventional approach. It also finds that the heat capacity of non-relativistic gas on fuzzy space approaches to zero in the low and high temperature limits. In that paper we consider, for example, the gas on fuzzy 2-sphere with radius R. As the system has the spectrum E = ℓ(ℓ+1) 2mR 2 with ℓ = 0 · · · J it could have a maximum energy level, which reveals the fuzzy property of space. Thus the system has bounded value of energy and the heat capacity shall become zero in high temperature. In this paper we study the thermodynamics on fuzzy space in coherent state approach. The spectrum does not be bounded, as −∞ < k < ∞, and the zero value of heat capacity in high temperature reveals the smeared source property of fuzzy space.
Black Hole on Fuzzy Space
In this section we will see how the exponential decay function of smeared source will modify black hole properties and compare it with that in the Gaussian decay function in Moyal space.
Fuzzy Schwarzschild Black Hole
We can now use the smeared source (3.7) to find the 4D Schwarzschild solution following the method of Nicolini [9] . First, the temporal component of the energy momentum tensor T ν µ is identified as, T t t = −ρ h . Next, demanding the condition on the metric coefficients g tt = −(g rr ) −1 for the noncommutative Schwarzschild-like metric and using the covariant conservation of energy momentum tensor, the energy momentum tensor can be fixed to the form [9] ,
in which
Thus, rather than a massive, structureless point, a source turns out to a self-gravitating, droplet of anisotropic fluid of density ρ h (r), radial pressure p r and tangential pressure p ⊥ . On physical grounds, a non-vanishing radial pressure is needed to balance the inward gravitational pull, preventing droplet to collapse into a matter point. This is the basic physical effect on matter caused by spacetime noncommutativity or fuzziness [9] . The solution of Einstein equation, using (5.1) as the matter source, is the same as replacing the mass of Dirac-delta function source in standard Schwarzschild spacetime by the effective mass of smeared source, i.e.
3) which approaches to M in the limit h → 0, the commutative space. The geometry of fuzzy black hole is thus described by the line element
Note that the effective mass described in Moyal space with smeared source of (1.10) is M θ (r) = 2M √ π γ(3/2, r 2 /4θ) (where γ(3/2, r 2 /4θ) is the lower incomplete Gamma function [9] ).
It approaches to M in the limit θ → 0, the commutative space.
To discuss the black hole property we see that the solution of condition g 00 = 0 i.e. 5) will give the radius of horizon r H . We plot in figure 3 the mass versus horizon solution. We see that there are two horizons: cosmological horizon r C and event horizon r H with r C < r H , as that in the noncommutative case [9] . We also see that the minimum mass M = M c ≈ 2.56 occurs at r C = r H ≡ r * ≈ 3.4. As the spacetime does not have horizon once the black hole mass is less then a critical mass M c a large black hole will therefore stop to evaporate after its mass is less M c . To see the property we then analyze the black hole temperature in below.
The horizon radius r H read from g 00 is defined by 6) which reduces to r H = 2M in the large M limit. Thus the noncommutativity in the fuzzy space could be shown only in the small black hole case. Using the above relation the Hawking temperature is calculated by We see that a fuzzy black hole has a maximum temperature and T H = 0 at a finite value of r H = r * ≈ 3.4, which corresponds to a stable remnant with mass M = M c ≈ 2.56 in figure  3 . These properties are the same as those in the noncommutative case [9] .
Fuzzy BTZ Black Hole
The noncommutative non-rotating BTZ black hole had been investigated in [12] . They found that the smeared Gaussian distribution (ρ ∼ e −r 2 /θ ) around the origin is not appropriate to make a small black hole and there exist uncertainty for the thermal quantities. Therefore they study the problem with the non-Gaussian type of smeared Maxwell distribution source (ρ ∼ re −r 2 /θ ). In this case the small black hole have a well defined property. While the Maxwell distribution source does not have a really physical motivation it is interesting to see whether non-Gaussian type of smeared distribution source (ρ ∼ e −r/h ) found in the fuzzy space could have a well defined thermal quantities for a small black hole. Let us consider the general 1+2D matter density
Case of n = 0 is that on the fuzzy space. On other hand, the case of n = 1 is used to compare the the Maxwell distribution source in noncommutative case [12] . The static metric ansatz of non-rotating BTZ black hole is described by [12] 
at r min .
Using the above relation the Hawking temperature is calculated by
. (5.14)
The black hole entropy S can be calculated from the first-law of thermodynamics:
For the case of n = 0, which is the fuzzy BTZ black hole, we have to integrate the radius r H from zero, as the minimum radius of fuzzy BTZ black hole is zero. However, this integration is infinite and we could not define the thermal quantities. The case of n = 1 does not suffer such a problem as the minimum radius is a finite value r = r min (as shown in figure 5 ).
In conclusion, although the fuzzy space could provide a non-Gaussian type of smeared source it could not have a well defined thermal quantities for a small BTZ black hole. The properties are the same as those in the noncommutative case [12] . It feels short for the author's expectation and the criterion for existence a regular black hole with a general smeared source is given in next section.
6 Criterion for Existence a Regular Black Hole
Regular BTZ Black Hole
Consider first the BTZ black hole with general density ρ h = Mf (r). Then
Thus the relation of black mass M and its horizon radius r H is
If the density function at small radius behaves as
3) then (6.2) implies that the black hole mass at small r H is
Therefore, only if n > 0 the black hole mass at small r H radius could become infinite. In this case we can from figure 3 see that the black hole has two horizons and it will reach a finite maximum temperature before cooling down to absolute zero. Thus it leaves a stable remnant and we have a regular black hole.
Regular Kaluza-Klein Black Hole
Consider next the D-dimensional Schwarzschild black hole with general density ρ h = Mf (r). Then [13] g 00 = 1 − 2GM r Therefore, only if n > −2 the black hole mass at small r H radius could become infinite. In this case we can from figure 1 see that the black hole has two horizons and it will reach a finite maximum temperature before cooling down to absolute zero. Thus it leaves a stable remnant and we have a regular black hole. Above criterion is consistent with the all known results [12, 13] .
Discussion
In this paper we first use the coherent state formalism of fuzzy space to show that the fuzziness will eliminate point-like structure of a particle in favor of smeared object, which is an exponential decay function in contrast to the Gaussian type in the Moyal noncommutative space. We also see that the exponential decay function could, in the UV region of 4D fuzzy space, provides propagator with an extra power decay factor (hk) −4 , contrast to the exponential decay factor e −θk 2 in the Moyal space. Both decay function could render the quantum field to be a finite theory without any renormalization, just after a simple power counting. We also see that the heat capacity of non-relativistic gas will approaches to zero at high temperature. Using the behavior of smeared source we have studied the fuzzy 4D Schwarzschild-like geometry and see that the fuzzy black hole can reach a finite maximum temperature before cooling down to absolute zero and leave a stable remnant, as that in the noncommutative case. We next study the properties of fuzzy 3D BTZ and find that although the fuzzy space could provide a non-Gaussian type of smeared source it could not have a well defined thermal quantities for a small BTZ black hole. The properties are the same as those in the noncommutative case. Finally, We have presented a useful criterion for existence a regular BTZ black hole or regular Kaluza-Klein black hole with a general smeared source.
